In this paper, we investigate initial value problems for Hadamard p-type fractional order functional and neutral functional differential equations. Sufficient conditions which guarantee the existence and Hyers-Ulam stability are new and obtained by some classical fixed point theory. Examples are also given to illustrate our theoretical results.
Introduction
Fractional differential equations have gained considerable importance due to their applications in various science, such as physics, chemistry, engineering and polymer rheology. In recent years, there has been a significant development in ordinary and partial differential equations involving fractional derivatives, see Diethelm and Freed (1999) ; Gaul, Klein and Kempfle (1991) ; Glockle and Nonnenmacher (1995) ; Hilfer (2000) ; Metzler et al. (1995) ; Oldham and Spanier (1974) ; Sabatier, Agrawal and Machado (2007) . Fractional derivatives provide an excellent tool for the description of memory and heredity properties of various materials and processes. These characteristics of the fractional derivatives make the fractional order models more realistic and practical than the classical integer order models. In consequence, the subject of fractional differential equations is gaining much importance and attention. For detail, see the monographs of Kilbas, Srivastava and Trujillo (2006) , Lakshmikantham, Wen and Zhang (1994) , Miller and Ross (1993) , Podlubny (1993) , Samko, Kilbas and Marichev (1993) and the references therein.
Let us notice that most of the work on the topic is based on Riemann-Liouville or Caputo-type fractional differential equations. We also note that Hadamard (1892) Copyright c 2017 Inderscience Enterprises Ltd. introduced another fractional derivative, which differs from the preceding ones in the sense that the kernel of the integral (in the definition of Hadamard derivative) contains logarithmic function of arbitrary exponent. It is remarkable that some properties have been investigated extensively and some interesting results are reported in Ahmad and Ntouyas (2015) ; Butzer, Kilbas and Trujillo (2002a,b,c) ; Kilbas (2001) ; Kilbas and Trujillo (2003) .
Let J ⊂ R. Denote C(J, R) as the Banach space of all continuous functions from J into R with the norm x = sup t∈J |x(t)|.
Let C = C([−1, 0], R) denote the space of continuous functions on [−1, 0]. For any element φ ∈ C, define the norm φ * = sup θ∈ [−1,0] 
This paper is concerned with the existence of solutions and stability for initial value problems of Hadamard p-type fractional order functional differential equations. In Section 3, we are interested in the existence and stability of the following initial value problems:
a+ is the Hadamard fractional derivative of order q, f : [a, b] × C → R is a given function satisfying some assumptions that will be specified later, ϕ ∈ C and ϕ(0) = 0.
For any function x defined on [p(a, −1), b] and any t ∈ [a, b], we denote by x t the element of C defined by
where p(t, θ) is a p-function. Section 4 is devoted to Hadamard fractional neutral functional differential equations:
where a, f and ϕ are as in problem (1.1), and g : [a, b] × C → R is a given function such that g(a, ϕ) = 0. Zhou (2008) and Zhou et al. (2009) considered the following p-type fractional functional differential equations of the initial value problem:
where 0 < q < 1, D q t0 is the Caputo's derivative of fractional order q, x t ∈ C is defined by x t (θ) = x(p(t, θ)). By applying some classical fixed point theorems, they proved the existence of solutions for problem (1.3) on suitable interval.
In another paper, Zhou, Jiao and Li (2009) , authors investigated a p-type fractional neutral differential equations of the initial value problem:
(1.4)
Existence and uniqueness are obtained by various criteria. Inspired by the above works, we investigate the existence and Hyers-Ulam stability of problems (1.1) and (1.2). Our approach is based on the Banach fixed point theorem and the nonlinear alternative of Leray-Schauder type. Our results are new and can be considered as a contribution to this emerging field.
Preliminaries and lemmas
Definition 2.1 (Kilbas, Srivastava and Trujillo, 2006) : Let a ≥ 0, the Hadamard fractional integral of order q > 0 for a function g :
Definition 2.2 (Kilbas, Srivastava and Trujillo, 2006) : Let a ≥ 0, the Hadamard derivative of fractional order q > 0 for a function g is defined by 
there exists a unique solution x * of (2.1) such that
Lemma 2.1 (Kilbas, Srivastava and Trujillo, 2006) :
Lemma 2.2 (Lakshmikantham, Wen and Zhang , 1994) :
it has the following properties:
Throughout the following text we suppose t ∈ (σ, ∞). , Wen and Zhang , 1994) :
Definition 2.4 (Lakshmikantham
Proof:
Lemma 2.4: (Non-linear alternative for single-valued maps) (Granas and Dugundji, 2005) . Let E be a Banach space, C a closed, convex subset of
ii There is a u ∈ ∂U (the boundary of U in C) and λ ∈ (0, 1) with u = F (u).
Lemma 2.5 (Kilbas, Srivastava and Trujillo, 2006) : Let 0 < q < 1, and let y ∈ C([a, b], R), the unique solution of problem
is given by
Proof: From Lemma 2.5, we know that x is a solution of problem (1.1) if and only if it satisfies the relation
In particular, x a (θ) = η 1 (θ) + z 1 (θ). Hence x a = ϕ if and only if z 1 = 0 according to η 1 (θ) = ϕ. It is clear that x(t) satisfies (2.6) if and only z(t) satisfies (2.5), the proof is completed.
Lemma 2.7 (Wang et al., 2008) : Let y ∈ C([a, b], R) satisfy the following inequality: we obtain
According to Lemma 2.7, we get |y(t)| ≤ |y t | ≤ 1 + 
It follows from condition (2.9), (2.10) and Hölder inequality that 
Existence and stability results for problem (1.1)
In what follows, set
Let us define the operator T : Then for t ∈ 1, b a , we have
It follows from (3.2) that T is a contraction mapping. Therefore T has a unique fixed point by Banach's contraction principle. The proof is completed.
Corrolary 3.1: Suppose that the condition (H1) of Theorem 3.1 is replaced by the following condition
(H1)' There exists a constant k > 0 such that
Proof: It suffice to prove that (3.3) holds. Indeed, for t ∈ 1,
This completes the proof.
Theorem 3.2: Assumption of Theorem 3.1 is satisfied. Then the fixed point equation z = T z is Hyers-Ulam stable.
Proof: We denote that z * be the unique solution of z = T z. It follows that for each solution of |z(t) − (T z)(t)| ≤ ε, we have
Together with Definition 2.3, z = T z is Hyers-Ulam stable. The proof is completed. Proof: For any r > 0, let
Now, we show that T map-bounded sets into bounded sets in C 0 . Let t 1 , t 2 ∈ 1, b a with t 1 < t 2 and x ∈ B r . Then we have
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Obviously, the right-hand side of the above inequality tends to zero. The equicontinuous set for the case p(1, −1) ≤ t 1 < t 2 ≤ 1 and p(1, −1) ≤ t 1 ≤ 1 ≤ t 2 is obvious. Therefore, it follows by the Arzela-Ascoli theorem, T : C 0 → C 0 is completely continuous. Let z ∈ C 0 and z = µT z for some µ ∈ (0, 1). Then for t ∈ 1, b a , we have
and therefore
Let 1 < p < 1 1−q , then according to Lemma 2.9,
where
. From the choice of U , there is no z ∈ ∂U such that z = µT z for µ ∈ (0, 1). By Lemma 2.4, T has at least a fixed point z in U . The proof is complete. Proof: Solution of (1.2) is equivalent to the solution of
In analogy to Theorem 3.1, we consider the operator T 1 : C 0 → C 0 defined by
Let z, w ∈ C 0 , then following the steps of Theorem 3.1, we have for t ∈ 1, b a , which implies that T 1 is a contraction. Therefore T 1 has a unique fixed point by Banach's contraction principle. The proof is completed. Similar to Theorem 3.2, we have the following Hyers-Ulam stability result. 
